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Abst ract - -Th is  work deals with the stabilization and control of a system which is composed of 
a disk rolling on a plane, a controlled slender od that is pivoted through its center of mass about 
the disk's center and two overhead rotors with their axes fixed in the upper part of the rod (see 
Figures 1 and 2). The rod is controlled in such a manner that it is always aligned along the line 
passing through the points O and C, where O denotes the center of the disk and C denotes the point 
of contact between the disk and the plane. The upper rotor rotates in a plane that passes through 
the disk's axis and the rod, whereas the lower rotor rotates in a plane that is perpendicular to the 
rod (see Figures 1 and 2). By using a kind of inverse dynamics control a control strategy is proposed 
under which the disk's inclination is stabilized about its vertical position and the disk's motion is 
able asymptotically to track any given smooth ground trajectory. (~) 2000 Elsevier Science Ltd. All 
rights reserved. 
Keywords - -Ro l l ing  disk, Slender od, Rotors, Nonholonomic onstraints, Stabilization, Asymp- 
totic tracking. 
1. INTRODUCTION 
This work deals with the stabilization and control of a system which is composed of a disk rolling 
on a plane, a controlled slender od that is pivoted through its center of mass about the disk's 
center and two overhead rotors with their axes fixed in the upper part of the rod (see Figures 1 
and 2). The rod is controlled in such a manner that it is always aligned along the line passing 
through the points O and C, where O denotes the center of the disk and C denotes the point of 
contact between the disk and the plane. The upper rotor rotates in a plane that passes through 
the disk's axis and the rod, whereas the lower rotor rotates in a plane that is perpendicular to 
the rod (see Figures 1 and 2). 
The control and guidance of the motion of a disk rolling on a horizontal plane is dealt with 
in [1-4]. In these works, it is assumed that the motion of the disk is controlled by a "side 
inclination" moment and a pedalling moment. 
In [5] and [6], a rotor is mounted on the disk in two different configurations, one is described 
in [5] and the other in [6]. In both cases, it is shown that the torque applied to the rotor is 
inducing a "side inclination" moment or a "tilting moment" on the disk's motion. The work 
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0898-1221/00/$ - see front matter (~) 2000 Elsevier Science Ltd. All rights reserved. Typeset by .AA~TEX 
PII: S0898-1221 (00)00079-1 
238 P .D .  KEMP AND Y. YAVIN 
Rotor 
Rotor 
L~2 
;:!! ) 
• . j 
C 
Figure 1. Side view of the disk-rod-rotors system. 
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Figure 2. Front view of the disk-rod-rotors system• 
reported in [7] deals with a system which is composed of a disk rolling on a plane, a slender od 
that is fixed along the disk's axis with its middle point fixed in the disk's center, and two identical 
rotors fixed in the rod equally spaced along both sides of the disk. It is shown there, that by 
using the two rotors and a pedalling torque the inclination of the disk is stabilized about its 
vertical position and the disk's motion is able asymptotically to track any given smooth ground 
trajectory. 
This work explores the possibility of controlling the motion of the rolling disk by applying 
two overhead rotors, in a configuration described in Figures 1 and 2, and a pedalling torque. It 
is later shown here, that the torque applied to the upper rotor (say Rotor 1) induces a "tilting 
moment" on the disk's motion whereas the torque applied to the lower rotor (say Rotor 2) induces 
a "directional moment" on the disk's motion. Thus, this work is to some extent a complement 
of [7]. 
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In this work, by using a kind of inverse dynamics control, a procedure isproposed for the design 
of feedback control aws for the torques applied to each of the two rotors and for the torque which 
is applied to the pedalling mechanism such that the disk's inclination will be stabilized about 
its vertical position, while simultaneously controlling the disk's speed and direction in such a 
manner that the disk will be able asymptotically to track any given smooth ground trajectory. 
Furthermore, as will be shown in Section 3, this procedure separate the dynamics from the 
kinematics of the system; and the design is done directly on the kinematics. 
Going back to the asymptotic tracking, we have the following. Let (xc,  Yc) denote the coordi- 
nates of the point of contact between the disk and the (X, Y)-plane and let (XD(t), yD(t)), t >_ 0, 
denote the coordinates of a given smooth ground trajectory on the same plane (both of them in 
the (X, Y)-coordinate system). Denote 
and 
dxc( t )  d2xc(t)  d3xc(t)  dyc(t)  d2yc(t) d3yc(t )~ T
rl(t) = xc( t ) ,  dt ' dt 2 ' dt 3 , yc(t) ,  dt ' dt 2 ' dt 3 ,} 
dxD(t) d2XD(t) d3xD(t) dyD(t) d2yD(t) d3yD(t)h T 
VlD(t ) = XD(t), d~'  dt 2 ' dt 3 , yD(t), dt ' dt 2 ' dt 3 ] 
Here, the phrase asymptotic tracking, mentioned-above, means 
lim (r/(t) - riD(t)) : O. 
t---~ O0 
Note that the motion of the disk is subjected to nonholonomic constraints [8,9]. Such a problem, 
as posed above, might arise, for example, in robot motion planning [10]. 
The control of nonlinear systems i discussed, for example, in [11-13], and in the references cited 
there (see also a tutorial representation [14] on developments in nonholonomic control systems). 
However, the mathematical tools described there are mainly differential geometric techniques 
and they are not easy to apply to nonlinear systems of high order. The procedure described 
here for constructing control aws is straightforward and circumvents dealing with the differential 
geometric techniques described there. 
2. DYNAMICAL  MODEL 
This work deals with the stabilization and guidance of a disk-rod-rotors system as described 
above. The disk is rolling without slipping on the horizontal (X, Y)-plane. Let, I, J, and K be 
unit vectors along an inertial (X, Y, Z)-coordinate system. 
Denote by k 
k = sin0cos ¢I  + sin0sin¢ J + cos 0 K, (1) 
a unit vector along the axis of the disk. Then, the vectors i0 and i¢, given by is -- ~o k and 
i~ = (1/sinO)~ are at all times in the plane of the disk. Note that the attached rod is always 
aligned along the vector -i0. It is given that Rotor l's axis is always aligned along -i¢, whereas 
Rotor 2's axis is always aligned along -io. Define the following vectors, ik and jk, k -- 1, 2, 
ik = cos@k i0 + sin@k iv, 
jk = -- sin Ok i0 + COS ~bk i¢, 
k = 1,2, (2) 
k = 1,2, (3) 
which are always in the plane of the disk. 
Also, let 
kol = cosal (-i0) + sinai k (4) 
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be a unit vector along Rotor 1 (the upper rotor), and let 
jo l  -- sinc~l (-io) - cosct l  k (s) 
be a unit vector perpendicular to ko l  , both of them in the (- io, k)-plane. Thus, it is assumed 
here that Rotor 1 rotates in the (-io, k)-plane, with its center of mass (or axis) fixed at a point 
denoted here by rl, 
rl  = XD I + YD J "4- ZD K - L12 ie, (6) 
where (XD, YD, ZD) are the coordinates of the center of the disk with respect o the inertial 
(X, Y, Z)-coordinate system, and L12 denotes the distance from the center of the disk to Rotor l 's 
center of mass. In the same manner as above, denote by 
ko2 = cos c~2 i¢ + sin c~2 k, (7) 
a unit vector along Rotor 2 (the lower rotor), and let 
jo2 = -- sin a2 i¢ + COS ~2 k (8) 
be a unit vector perpendicular to ko2, both of them in the (i¢, k)-plane. Thus, it is assumed 
here that Rotor 2 rotates in the (i¢, k)-plane, with its center of mass (or axis) fixed at a point 
denoted here by r2, 
r2 = XD I + YD J A- ZD g - L13 i0. (9) 
In (9), L13 denotes the distance from the center of the disk to Rotor 2's center of mass. Thus, 
0, ¢, ¢1, ¢2, a l ,  and a2 are playing here the following roles: 0 is the leaning angle of the disk, 
that is, the angle between the disk's axis and the Z-axis where for 0 = 7r/2, the plane of the disk 
is vertical to the (X, Y)-plane; i¢ represents he direction of the disk; ¢1 represents he angle of 
rotation of the disk about its axis; ¢2 represents he angle of rotation of the rod about the disk 
center (or axis). In this work, it is assumed that the rod is controlled in such a manner that 
it is always aligned along -i0, that is, it is controlled in such a manner that ¢2(t) = ~r/2 and 
d¢~(t) = 0, for all t > 0. This control problem is dealt with in [15]. In addition, c~1 represents dt 
the angle of rotation of Rotor 1 about its axis which is aligned along - i~ and is fixed at rl; and 
c~2 represents the angle of rotation of Rotor 2 about its axis which is aligned along - ie and is 
fixed at r2. 
In this problem, four angular velocity vectors are involved in the system's motion, that is, 
WD ~-- LOD1 i l  Jr- WD2j l  + WD3 k = WD~ I + WDy J Jr- OJDz K,  (10) 
which is the angular velocity vector of the disk, 
6dR = ~dR1 12 + WR2j2 + ~R3 k = wp~ I + wRu J + wR~ K, (II) 
which is the angular velocity vector of the rod, 
w(1) _w0) .  .(x) + wo(~) kol, - ol Jol + wo2 (-i¢) (12) 
which is the angular velocity of the Rotor 1, and 
= w(2) • ~(o 2) Wo1'(2) (--|0) + w(2)o2 ko2 + 03 Jo2, (13) 
which is the angular velocity of Rotor 2. 
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The vectors WD and con are given by [9], 
dO de 
wal = ~ sin ~bk - -~  sin 0 cos Ck, 
dO de 
was = ~-~ cos ~k + ~-  sin 0 sin Ck, 
dCk de co~3 = -~ + -~ cos 0, 
where in the subscripts of co,j, j = 1,2,3; k = 1 i fa  = D, and k = 2 i fa  = R. 
In addition, 
dO 
d~bk sin 0 cos ¢ - ~-~ sin ¢, COAx = dt 
dCk dO 
COAy -- dt sin 0 sin ¢ + ~-~ cos ¢, 
de dCk coA~ = -~ + ~ cos 0, 
where, as above, k = 1 if A = D, and k = 2 if A = R. Also, it can be shown that 
CO(oll ) ---- -- ~-~¢ COS (0 -J: O~l) , 
do) 
w(~) = - \ dt +-~ ' 
•(1) ~ sin (0 + al)" 03 = 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
and 
0(2) da2 de 
ol - dt dt sin 0, 
w(2) (dO de ) 0  = - -~- cos c~2 + "~- sin a2 cos 0 , 
d0 de 
w (2) = ~ sin a2 - -~  cos a2 cos 0. 
(23) 
(24) 
(25) 
In the sequel, the following notations will be used: mD denotes the disk's mass, mR denotes 
the rod's mass, mR -- mm + mn2; moi  denotes the mass of rotor i, i -- 1, 2, respectively; 
a denotes the disk's radius, IDj, j = 1, 2, 3, denote the moments of inertia of the disk about 
the il, j l ,  and k axes, respectively; Inj, j = 1, 2, 3 denote the moments of inertia of the rod 
about the i2, j2, and k axes, respectively; I~ ,  j = 1, 2, 3, i = 1, 2, denote the moments of inertia 
of each of the rotors about their respective axes. That is, about the j o l, - i¢ ,  kol axes for Rotor 1, 
(i = 1); and about the - i0,  ko2, jo2 axes for Rotor 2, (i = 2). L denotes the length of the rod, 
that is, L -- Ll l  + L12; Loi  denotes the length of the rotor i, i = 1, 2, respectively; L13 > a, 
L12 > L13 + LOl, where L12 is defined in (6) and L13 is defined in (9); and (XD,YD,ZD) and 
(xm Yn, zR) denote the coordinates of the center of the disk and of the center of mass of the rod, 
relative to the (X, Y, Z)-coordinate system, respectively. Note that (XD, YD, ZD) = (xn,  YR, zn). 
Using the "thin wheel" and the "slender od" approximations, we have Im = ID2 = 0.25mDa 2 , 
11:)3 = 0.5mDa2; IR1 = IR3 = (toni L21 + mRS L212)/3, IR2 = 0; -O1T(1) = -o2T(1) = mo1 L~l /12 ,  and  
I(13 ) = 0 for Rotor 1; and I(o21 ) = Ig3 ) = too2 L~)2/12 and/(022) = 0 for Rotor 2. 
In the sequel, the Lagrangian method [9] is applied to obtain the equations of motion of the 
disk-rod-rotors system. Using the notation given above, the Lagrangian function for the system's 
motion is given by 
---- }CO -[- ]f:R -1- ~O1 -t- }Co2 - V, (26) 
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where 
~D = ~ 1191 "~ + \ dt ] sin2 0 + ~ ID3 L-~- + cos o + 5 (27) 
which is the kinetic energy of the disk 
/cR = 5 IR1 g/ (~)2  cos2 0] 1 + + ~ mR v~, (28) 
which is the kinetic energy of the rod 
1,(1)[(d~l de'~  (de) ~ ] 
ICo1=2"Ol L k-ZF + dt ) + ~[ c°s2(al +e) 
+ 5mol  (L~2 + 2aLl2) ~-~ + -~- c0s20 
~d¢l  1 v~, + mol a L12 ~ cos 0 + ~ toOl 
(29) 
which is the kinetic energy of Rotor 1 
2 [ \ dt ~ sin 0 + -~ sin a2 - -~ cos O~ 2 COS 0 
+~m02 (L123+2aL13) ~ + -~ cos 20 
~ d¢1 1 m02 V2D, + m02 a L13 ~ cos 0 + 
(30) 
which is the kinetic energy of Rotor 2 
]2 = [a (mD + mR) + toO1 (a + L12) + too2 (a + L13)] g sin 0, (31) 
which is the potential energy of the system, and 
= + + , t > 0. (32) 
In the sequel, the notation (XD, YD, ZD) = (X, y, Z) will be used. 
In this work, it is assumed that the motion of the disk on the plane involves rolling without 
slipping. This leads to the conditions (see, for example, [1]) 
] a ~-~ sin 0 cos ¢ + cos 0 sin ¢ + -~-  sm¢ dt - O, 
[~_~ ~ d¢l cos¢] dy a sin 0 sin ¢ - cos 0 cos ¢ - ~ - d---t = 0, 
~t dz a cos 0 - ~- = 0. 
(33) 
(34) 
(35) 
Equations (33)-(35) constitute nonholonomic constraints. Define 
q = (0, ¢, •1, O~1, Or2), P= \d t  dt' d t '  d t '  dt ]" 
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Hence, the Lagrange quations, for the case of nonholonomic constraints [8] or [9], turn out 
here to be 
d ( O~pl ) - Of-" = Al asinOc°s¢ + A2asinOsin¢ + qt (36) 
d (O~D~) Of_. ---AlacosOsin¢-A2acosOcos¢, (37) 
_ . _ _  - Oq-G 
d (0£)  0£ =F¢ l+Alas in¢_A2acos¢  ' (38) 
ddt ( O-~p4) - 0q40£= P~l, (39) 
d(O ) 0L (40) 
7;5 
And, in a similar manner, the Lagrange quations for x, y, and z are given by 
d2x d2y d2z 
m-d-~- = -A1, m ~/t2 = -A2, m dt 2 - -A3, (41) 
where m = mD q- mR q- toO1 q- too2; Ai, i = 1,2,3 are the Lagrange multipliers, and F¢1, 
Fal, and Fa2 are the respective applied moments. That is, F¢1 is the disk's "pedalling" applied 
moment, Fal is the torque applied to Rotor 1 and Fc,2 is the torque applied to Rotor 2. Thus, 
by differentiating both sides of equations (33)-(35) with respect o t and using equations (41), 
we obtain 
F~ --~ A 1 a sin 0 cos ¢ + A2 a sin 0 sin ¢ + Aa a cos 0 
[d20 de (d~bl de )1 
= -ma 2 Ldt2 + -~-sin0 k, dt + -~cos0,~ , 
F$ = A1 a cos 0 sin ¢ - A2 a cos 0 cos ¢ 
[d2¢ 2 d2~1 d0~ ] 
=-ma [?veos 0+- cos0-277 sinecose , 
F~hl = .~1 a sin ¢ - A2 a cos ¢ 
=-ma 2[dt 2 cosO+ dt----g-- -~ sinO, 
(42) 
(43) 
(44) 
where F~, F$, and F~l are the (generalized) constraint forces. 
Define F = (-F~l, sin 0 Fa2, F¢1) T, and q~= (8, ¢, ¢1) T. Hence, by inserting equations (42)-(44) 
into (36)-(38) and using (39),(40), the following equations are obtained: 
d2q t
M(q) ~ + f(q, p) = r ,  
io(1) d~8 tO) d~al I ~-~ + ~01 -~-  + h4 -- Pal, 
r(2) sin O d2¢ " r(2) d232 
- ' o l  -~-  ~ ~ol -~-  + h5 = r .2,  
(45) 
(46) 
(47) 
where (~ r(1) -i1~11 - -  ZO1 
M(q) = ra12 
0 
mi2~? sin 2 0 I (48) 
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and 
_L T(t) r(2) sin 2 a2 + m a 2, --1(O21 ) COS Üsin a2 cosa2, mlt  = I1 + 1191 r "O1 -[- "O1 m12 = 
m22 = I1 + ID3 + ma 2 + "O1 c°s2 a2 cos 2 0 + ID1 d- "O1) sin2 ~ + "O1 c°s2 (al + 0), 
m23 = (aI2 + ID3 + ma 2) cos0, m33 =/3.  
In addition, 
I1 = IR1 --~-mo1 (L212-~-2an12)  -~m02 (L23 +2aL l3 ) ,  
I2 = too1 L12 + too2 L13, I3 = ID3 + ma 2. 
The components of f(q, p) and the expressions for h4 and h5 are given in the Appendix. 
As can be seen from above, M -- M(O, a l ,  a2). It can be shown, for a proper set of parameters, 
that det M(0, al ,  a2) > 0, for all 0, a l ,  and a2. See the example solved in this work. 
Denote by re  the point of contact between the disk and the plane, then 
rc  = r + a io, (49) 
where r denotes the center of mass of the disk, and rc  = xc  I + Yc J. Hence, 
dxc  d¢1 . , dyc_  d¢l  
dt = a ~ sin ~, dt a -~-  cos ¢. (50) 
Equations (45)-(47) and (50) constitute the dynamical model for the system dealt with here. 
3. INVERSE DYNAMICS CONTROL 
In this section, a procedure is described for the derivation of control laws, for the pedalling 
torque, the input torque to Rotor 1 and the input torque to Rotor 2, such that the motion of 
the disk will be stabilized (that is, 0(t) ~ 7r/2 and ~ --. 0 as t ~ cx~) while simultaneously 
controlling its speed and direction in such a manner that the disk will be able asymptotically to
track any given smooth ground trajectory. 
First, by introducing the following control aw: 
1" = M(q) u + f(q, p), (51) 
where u = (Ul,U2,Ua) T, then, for cases for which s inO> 0 and detM(q) ¢ O, for all O, a l ,  
and a2, equations (45) and (51) imply 
() ---- U 2 • dr2 ] uz 
d2¢1 ] 
Second, the following law for ul is being applied: 
Ul ---- - k  I ~ - k 2 O-  , 
where ki > O, i = 1, 2 are chosen such that the polynomial 
(52) 
(53) 
f2(s) = s 2 + kl s + k~ 
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has all its roots in the left-hand side of the s-domain. In this case, we have 
dkO(t) 
O(t) ---* ~ and dt k --* O, as t --* oo,  k = 1,2. 
Third, the functions Us and u3 will be determined by using the following steps. Define the 
functions 
gcz = 2 u3 cos ¢ - -~  \ dt ] sin ¢, (54) 
go2 = 2 ua sin ¢ + ~ -~- cos ¢, (55) 
d 2 d a where, as follows from (52), u3 = -~x t . Now, by calculating ~dt~ and ~ and using (54),(55), 
the following equation is obtained: (,3xc  ( / 
_cos+ I:)  +,o==,, 
where, as follows from (52), u2 = ~t  and ~t  = -q~t 1" Denote 
(56) 
d¢l , \ 
sin ¢ ~ cos ~ 
A = (57) 
\ - cos¢  d¢1 . , / '  --~- sm~/  
and note that det A = d_~ dt " 
By introducing an auxiliary control aw of the form 
(") ( ~ =a_ lA_ l  v l -ag~l"~,  
us v2 a go2 ] 
(5s) 
which is valid in any domain of (q, p) that excludes ~ = 0, equation (56) yields 
I d3xc \ 
dr3 I 
(59)  
Fourth, let {(xD(t),yD(t)), t > 0} be a representation f a given smooth ground reference 
trajectory. In this work, the functions Vl and v2 are chosen in the following form: 
V 1 ~ 
V 2 ---- ~ _ 
d3xD 
dt 3 
d3yD 
dt 3 
( dSxc dSxo ~ (dxc dxD -'71\ dt 2 "~ ) - '72 \  ~ -dr ]- - '73(xc--xD)'  (60) 
dyD ) 
"71 \ -~  dt 2 ] - "Ts \ --~ dt - "73 (Yc - YD), (61) 
where '7~, i = 1, 2, 3 are chosen in such a manner that the polynomial 
f z (s )  = s 3 + '71 s s + ")'s s + "73 
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has all its roots in the left-hand side of the s-domain. In this case, it follows from (59) that 
dkxc( t )  dkXD(t) 
dt k - dt k - - *0 ,  as t  ~oc ,  k=0,1 ,2 ,3 ,  
and 
dkyc(t )  dkyD(t) --, O, as t --* oo, k = O, 1, 2, 3. 
dt k dt k 
Thus, once Vl and v2 are determined by (60) and (61), then, u2 and ~t  are determined by (58). 
Consequently, (and by taking u3(0) = 0), the required applied torques F~I, Fa2, and F¢1 are 
determined by (51). We denote this required control aw by 
r%) = (-r,cl(0, sin 0(0 r~C2(0, r¢,(0)c T, t > 0. 
Thus, the control law I'C(.) constitute the solution to the stabilization and control problem 
posed in Section 1. 
4. EXAMPLE 
In this section, an example is solved to demonstrate the efficiency and applicability of the 
control aw re( . ) .  
The following set of parameters and initial conditions has been used: a -- 0.4 meters, mD = 
10Kgm, mR1 = 0.75Kgm, mR2 = 0.25Kgm; mol  = mo2 = 0.5Kgm; L12 = 0 .75  meter, 
L13 -- 0.5 meter; Ln  = 0.25 meter; Lo l  = Lo2 = 0.3 meter, where Loi  denote the length of 
rotor i, i -- 1, 2, respectively. 
The ground reference trajectory is given by xD(t)  = 8 cos(Tr t/5), yD(t) ---- 8 sin(zr t /5),  t >_ O. 
0(0) = 60 ~r/180rad, ~(0) = 0rad/sec, ¢(0) = ~r/2rad, ¢(0) = 0rad/sec, ¢1(0) = 0rad, ¢1(0) = 
4rad/sec, ai(0) = 0tad, i = 1,2; &i(0) = 0rad/sec, i = 1,2; u3(0) = 0rad/sec2; kl = 10, 
k2 = 24; 3'1 = 15, 72 = 75, 73 = 125; xc(0) = yc(O) = 0 meter, ~c(0) = 1.6 meter/sec, 
Pc(0) = 0 meter/sec. Some of the results obtained are presented in Figures 3-14. 
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Figure 11. The values of r~Cl(t), t E [0, ts] in Newton-meter. 
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Figure 12. The values of F~2(t), t C [0, tf] in Newton-meter. 
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Figure 13. The values of YC as function of xc .  
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Figure 14. The values of ~/x~(t) + y~(t) ,  t E [0, tl] in meters. 
The results show that  a l ready at t = 2. sec, [6(2.) - r /2 [  = 5.2 • 10 -4 rad, de(2.) = 2.08 • 
10 -3  rad/sec,  dt 
In this example,  it was found that  det M(8 ,  cq, a2) _> 1.92247711, for all 8, a l ,  and c~2. 
5. CONCLUSIONS AND REMARKS 
In this work, a stabilization and control problem is dealt with concerning the motion of a 
disk-rod-rotors system as described above. First, it is shown that the torques applied on the 
rotors induce a "tilting moment" and a "directional moment" on the disk's motion. Then, by 
using a kind of inverse dynamics control, a procedure is proposed for the design of torques to 
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be applied to the pedalling mechanism and to each of the rotors such that the disk's motion 
will be stabilized (the disk's plane will be vertical to the horizontal plane), while simultaneously 
controlling its speed and direction in such a manner that the disk will be able asymptotically to 
track any given smooth ground trajectory. 
Furthermore, in the above-mentioned procedure, described in Section 3, the auxiliary control 
functions Ul, u2, u3 and Vl, v2 are used to control directly the kinematics of the system. That is, 
dk0 k = 1, 2, equation (53); xc, Yc, and three of their time derivatives, (60),(61); to control 0, ut-iv, 
and through (58) and (52), to control ~-~ and ~,  k = 0,1. That is, by using (51), we 
separate the dynamics from the kinematics of the system; and the design is done directly on the 
kinematics. Thus, although the configuration and the size of the rotors used here, differs from the 
corresponding configuration and size of the rotors used in the example in [7]; it turned out that 
the kinematic in both of the examples is the same. This is due to the nature of the procedure 
described in Section 3. 
APPENDIX  
The components of the vector f(q, p) equation (45) are given by 
fl =h i -ha ,  f2=h2+h5sinO, f3=h3, (62) 
where 
r(2) (2 dO da2 dC da2 ) 
hl(q,p)  = "Ol ~- --~- s ina2cosa2 + d--'t d---t s in2a2c°sO 
r(2) ( dO d¢ dC da2 ) 
+'01 -~ -~-s in0sina2cosa2 dt dt c°s2a2c°s0 
2 d¢ + ma To3 -~ sin 0 
r(2) sin 2 a2] \d t  ] sin 0 cos O + [I1 -- ID1 + ID3 -- "01 
de d¢l 
+ [a 12 + ID3] -~ ~ sin 0 
r(1) (de)  2 r(2) dCda2 
+ "01 -~ cos (al + 8) sin (al + 8) + -01 d-)- d--T cos 0 
r(2) dO de sin a2 cos a2 sin 0 + # g cos 0, 
- -O l  7 i  
h2 (q, p) = 2 - I1 + ID1 -- ID3 + "01 r(2)sin2 a2 -~ sin 0 cos 0 
dO d¢1 o r(2) dO d~2 
- [a I2 + ID3] -~ ~ sin 0 -- .. "O1 c°s2 (~2 ~ ~ cos 0 
dO) 2 
o r(2) d¢ da2 sin a2 cos a2 cos 2 0 + 1(07 -~ sin a2 cos a2 sin 0 
- -~ 'O1 d--t- d---t- 
o r(1) d(~ / dO~l dO) 
- ~ "Ol -~ \ dt + -~ sin (al + 8) cos (ca + 8) 
dO de - 2 ma 2 --~ -~ sin 0 cos 0, 
dO de 
h3(q,p) = - (ID3 + 2ma 2 + aI2) ~-~ --~ sin0, 
ha(q, p) r(1) (d¢~2sin(O+al)COS(O+al), 
= "Ol  \ d t  ] 
hB(q, p_______~) __ _ d_~ d_¢¢ cos 0 - hsl(q, p) h52(q, P), 
lo  2) dt dt 
1 
(63) 
(64) 
(65) 
(66) 
(67) 
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in which 
de 
h51(q, p)  = sin a2 - ~-  cos a2 cos 9, 
d8 de  
h52 (q, p)  -- ~ cos a2 T ~-  sin a2 cos 9, 
# = a (roD -~ mR)  n u mol  (a + L12) n u m02 (a + L13),  
(68) 
(69) 
(70) 
and 
d¢1 de  
wm = ~ + -~ cos 0. 
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